1. Introduction {#sec1}
===============

In predicting the wetting characteristics of physically patterned surfaces, two models are commonly used. One is the Cassie model,^[@ref1]^ in which a droplet is assumed to remain suspended above the asperities in the surface, thereby resting on a composite bed of air and solid. In this case, the predicted equilibrium contact angle (CA) of the droplet, θ~C~, is given by the Cassie equationwhere *f*~s~ is the solid fraction, defined as the fraction of the basal area of the drop characterized by the solid--liquid contact, and θ~e~ is the intrinsic CA, or Young's angle,^[@ref2]^ for a perfectly smooth solid surface. The other commonly used model is the Wenzel model,^[@ref3]^ which assumes that the droplet penetrates the asperities in the surface. The equilibrium CA in this case, θ~W~, is given by the Wenzel equationwhere *r* is the roughness factor, defined as the ratio of the actual surface area to that projected in a plane parallel to the nominal surface (*r* ≥ 1 by definition).

Although these models are often used to describe wetting, reports of discrepancies between the model predictions and observed CAs are common.^[@ref4]−[@ref8]^ Such disagreements have stirred much debate over the years as to the applicability of the Cassie and Wenzel models, resulting in the general consensus that such models apply only in the limit of surface features much smaller than the drop size, while outside of this limit, contact line pinning and other effects become important.^[@ref9]−[@ref17]^

The Wenzel equation was originally derived intuitively by considering the roughness of a surface as amplifying the effective solid--liquid and solid--vapor interfacial free energies by the roughness factor.^[@ref3]^ The derivation of the Wenzel equation implicitly assumes that the volume of the liquid stored within the asperities under the droplet is negligible and therefore has no effect on the CA. Presumably, the liquid removed from the droplet cap to fill the asperities under the droplet base should have an effect on the CA---namely, it should lead to smaller CAs than those predicted by the Wenzel equation.

Although there has been some previous work to understand higher-order effects on the Wenzel prediction, these studies have focused mainly on microscopic effects related to molecular interactions^[@ref18]−[@ref20]^ or contact line pinning.^[@ref8]^ To our knowledge, there have been no previous studies to address the role of the non-negligible liquid volume stored in the surface asperities in a general way. Here, we tackle the problem of modifying the Wenzel equation to more accurately predict the equilibrium CA on surfaces for which the asperity volume is large enough to have an observable effect on the CA. We apply perturbation theory to derive the first-order correction to the Wenzel prediction, and we provide an intuitive interpretation for the correction in the two-dimensional case and explain why this intuition breaks down in the three-dimensional case. Finally, we compare our results with numerical predictions of the static CA on physically patterned surfaces and with experimental observations and results of molecular dynamics (MD) simulations.

2. Results and Discussion {#sec2}
=========================

2.1. Two-Dimensional Model {#sec2.1}
--------------------------

### 2.1.1. Formulation {#sec2.1.1}

Using Young's equation,^[@ref2]^ the difference in the free energy of a drop on a solid surface, relative to the same drop in air, may be written aswhere σ~lv~ is the liquid--vapor interfacial energy per unit area, *A*~sl~ and *A*~lv~ denote the solid--liquid and liquid--vapor interfacial areas, respectively, and *U*~g~ represents the gravitational potential energy. To simplify the problem, we initially consider two-dimensional (cylindrical cap) drops on two-dimensional surface patterns. In this case, *E* and *A* can be interpreted as free energy and area, respectively, per unit length along the axis of the cylindrical droplet. Making all lengths dimensionless with the radius *a* of the cylindrical droplet before it comes into contact with the surface and making the energy per unit length dimensionless with σ~lv~*a*, the dimensionless expression for the free energy becomeswhere the overbars denote dimensionless quantities. In what follows, we will drop the overbars and all quantities will be understood to be dimensionless unless otherwise stated. Furthermore, we will focus on the small drop regime in which the gravitational potential energy contribution is negligible and the drop profile assumes a circular cap shape.

For a drop in the Wenzel mode on a surface with an arbitrary periodic roughness pattern, we can find expressions for *A*~sl~ and *A*~lv~ in terms of the asperity volume and the total solid--liquid interfacial length over one wavelength of the roughness pattern. Specifically, for a circular cap drop profile with radius of curvature *R*where θ is the apparent CA of the droplet, *s* is the total solid--liquid interfacial area (per unit length along the axis of the cylindrical drop) contained in one wavelength of the roughness pattern, and *n* is the number of asperities spanned by the base of the drop. For roughness patterns with a very small wavelength λ, relative to the drop size, the value of *n* may be approximated by

Using [eq [5](#eq5){ref-type="disp-formula"}](#eq5){ref-type="disp-formula"} to substitute for *A*~lv~ and *A*~sl~ in [eq [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"}, and recognizing *s*/λ as the roughness factor *r* appearing in the Wenzel equation, yieldsfor the dimensionless free energy of a two-dimensional drop in the Wenzel mode.

Upon making contact with the surface, some liquid from the droplet will be stored in the asperities of the patterned surface. Conservation of the mass of the liquid requireswhere *V*~a~ is the volume of the liquid (per unit length along the droplet axis) stored within a single asperity and the right-hand side (RHS) represents the dimensionless drop volume (per unit length along the axis of the cylindrical drop) before contact with the solid substrate. Using approximation [6](#eq6){ref-type="disp-formula"} for *n*, [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} can be rewritten aswhere *h* ≡ *V*~a~/λ may be thought of as a dimensionless average asperity depth. We note that [eq [9](#eq9){ref-type="disp-formula"}](#eq9){ref-type="disp-formula"} is quadratic in *R* and therefore may be easily solved to obtain an expression for *R* in terms of θ. With the resulting expression for *R*(θ), the equilibrium CA for a drop in the Wenzel mode can be determined by minimizing the free energy expression in [eq [7](#eq7){ref-type="disp-formula"}](#eq7){ref-type="disp-formula"} with respect to the CA θ. Because the resulting expression cannot be solved explicitly for θ, we will use perturbation analysis to find an analytical expression for the equilibrium CA in the small-*h* limit.

### 2.1.2. Perturbation Analysis {#sec2.1.2}

Differentiating [eqs [7](#eq7){ref-type="disp-formula"}](#eq7){ref-type="disp-formula"} and [9](#eq9){ref-type="disp-formula"} with respect to θ and requiring at equilibrium yields an equation of the formfor the equilibrium CA θ(*h*), where *R*(*h*,θ) emphasizes the fact that the radius of curvature has both explicit *h* dependence and implicit *h* dependence through θ (as is evident from the solution to [eq [9](#eq9){ref-type="disp-formula"}](#eq9){ref-type="disp-formula"}). The expression for *f* can be simplified toNoting that *g*(θ) \> 0 for 0 \< θ ≤ π, we can rewrite [eq [10](#eq10){ref-type="disp-formula"}](#eq10){ref-type="disp-formula"} as

For small values of *h*, regular perturbation expansions of the formcan be used in conjunction with domain perturbationsfor *F* ∈ {*R*,*k*} in [eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"} to determine the corrections to the CA at various orders in *h*. In [eq [14](#eq14){ref-type="disp-formula"}](#eq14){ref-type="disp-formula"}, *F*^(*j*)^ denotes the *j*-th derivative of *F*(θ) with respect to θ and *F*~*n*~ stands for the collection of all *O*(*h*^*n*^) terms in the full perturbation expansion of *F*(θ).

Recognizing thatby setting *h* = 0 in [eq [9](#eq9){ref-type="disp-formula"}](#eq9){ref-type="disp-formula"}, the *O*(1) contribution to [eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"} yieldswhich has the solutioncorresponding to the original Wenzel model. At *O*(*h*), [eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"} simplifies toNoting *k*~0~ = 0 from [eq [16](#eq16){ref-type="disp-formula"}](#eq16){ref-type="disp-formula"} and using the definition for *k*(θ) from [eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"} results inas the leading-order correction to the Wenzel CA. Continuing through *O*(*h*^3^) leads to the following expression for the volume-corrected Wenzel CA, θ~W\*~, for a two-dimensional dropletwhere *R*~0~ is given by [15](#eq15){ref-type="disp-formula"}. Using the expansion of θ~W\*~ in [eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"}, we may similarly express *R* as a power series in *h* to findInterestingly, the *O*(*h*) correction to the interface curvature vanishes.

Finally, we use [eq [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"} to obtain the extended Wenzel equationwhich constitutes one of the central results of this study. We note that the *O*(*h*^2^) correction to cos θ~W\*~ vanishes and the leading-order correction is positive, which causes a reduction in the Wenzel CA. Higher-order corrections can be easily calculated using the Sage notebook^[@ref21]^ provided in the [Supporting Information](http://pubs.acs.org/doi/suppl/10.1021/acsomega.0c00495/suppl_file/ao0c00495_si_001.pdf).

A simple physical interpretation for the *O*(*h*) correction to the CA in the Wenzel model can be provided by first considering a drop for which the liquid volume stored in the asperities under the drop has been neglected, as shown in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}A. This corresponds to the prediction of the original Wenzel model, wherein the drop can be viewed as resting on a smooth flat surface (because the asperity volume has been neglected) with solid--liquid and solid--vapor interfacial energies amplified by the roughness factor. To account for the liquid volume stored in the asperities, consider the surface pattern to consist of one long asperity of depth *h* = *V*~a~/λ (i.e., with the volume equivalent to the total volume of the *n* asperities present on the patterned surface) extending across the base of the droplet, instead of consisting of individual asperities. The stored liquid volume can then be accounted for by shifting the droplet toward the substrate by a distance *h* while maintaining a constant radius of curvature, *R*~0~, as suggested by [eq [22](#eq22){ref-type="disp-formula"}](#eq22){ref-type="disp-formula"} rewritten asto *O*(*h*^2^). This causes the CA to decrease to the corrected value, θ~W\*~, as shown in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}B. Hence, the corrected CA can simply be viewed as the CA one would obtain by removing a layer of thickness *h* from the base of the drop to account for the volume stored in the asperities.

![(A) Droplet in the Wenzel model for which the liquid volume in the asperities has been neglected. (B) Same droplet in the Wenzel mode, now accounting for the liquid volume in the asperities. The circular cap profile of the fixed radius of curvature is shifted toward the substrate by the average asperity depth *h*, thereby causing a reduction in CA, as visible in the sketch.](ao0c00495_0001){#fig1}

2.2. Three-Dimensional Model {#sec2.2}
----------------------------

### 2.2.1. Formulation {#sec2.2.1}

In the three-dimensional case, we again start with the expression for the dimensionless free energy of the droplet given by [eq [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"}, where the expression is now made dimensionless with *a*^2^σ~lv~ and *a* is the spherical equivalent radius---that is, the radius of the spherical droplet before it comes into contact with the surface. Assuming a spherical cap shape for the droplet (which is again a valid assumption for negligible gravitational effects), we can write the dimensionless liquid--vapor and solid--liquid interfacial areas asrespectively, where *R* is the radius of curvature of the spherical cap and *s* now represents the total solid--liquid interfacial area per unit cell of the physical pattern. Again assuming that the drop is large relative to the surface features, we may approximate *n* aswhere *A*~a~ represents the projected area of a unit cell in a plane parallel to the nominal surface. Substituting for *A*~lv~ and *A*~sl~ in [eq [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"} and recognizing *s*/*A*~a~ as the roughness factor *r*, we can write the dimensionless free energy of a three-dimensional droplet in the Wenzel model as

The constant volume condition may now be written aswhere *V*~a~ is the liquid volume stored in a single asperity and the RHS represents the dimensionless drop volume before coming into contact with the substrate. Using the approximation for *n* given by [eq [25](#eq25){ref-type="disp-formula"}](#eq25){ref-type="disp-formula"}, this expression can be rewritten aswhere *h* ≡ *V*~a~/*A*~a~ is again defined as a dimensionless average asperity depth. Although [eq [28](#eq28){ref-type="disp-formula"}](#eq28){ref-type="disp-formula"} could be solved analytically for *R*, the resulting expression is rather unwieldy and it will not be possible to obtain an explicit expression for the equilibrium CA via minimization of the free energy expression [26](#eq26){ref-type="disp-formula"}. Therefore, we will again use perturbation analysis to obtain an analytic expression for the equilibrium CA in the small-*h* limit.

### 2.2.2. Perturbation Analysis {#sec2.2.2}

For the three-dimensional model, we follow the same procedure outlined earlier for the two-dimensional case. Differentiating [eqs [26](#eq26){ref-type="disp-formula"}](#eq26){ref-type="disp-formula"} and [28](#eq28){ref-type="disp-formula"} with respect to θ and requiring at equilibrium yieldswhere *R*(*h*,θ) is given by [eq [28](#eq28){ref-type="disp-formula"}](#eq28){ref-type="disp-formula"}. These expressions for *f* and *g* can be simplified towhich allows us to rewrite [eq [29](#eq29){ref-type="disp-formula"}](#eq29){ref-type="disp-formula"} as

We note that the factor of two in the second term of [eq [31](#eq31){ref-type="disp-formula"}](#eq31){ref-type="disp-formula"} was not present in the corresponding equation for the two-dimensional model ([eq [12](#eq12){ref-type="disp-formula"}](#eq12){ref-type="disp-formula"}). Using perturbation expansions of the form given by [eqs [13](#eq13){ref-type="disp-formula"}](#eq13){ref-type="disp-formula"} and [14](#eq14){ref-type="disp-formula"}, we find the corrections to the Wenzel CA and radius of curvature of the drop to beandrespectively, whereand once againcorresponding to the original Wenzel model. The extended Wenzel equation is thus given bywhich represents another one of the central results of this study.

Here, we note again the factor of two appearing in the *O*(*h*) terms of [eqs [32](#eq32){ref-type="disp-formula"}](#eq32){ref-type="disp-formula"} and [36](#eq36){ref-type="disp-formula"}, which was not present in the corresponding expressions for the two-dimensional model given by [eqs [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"} and [22](#eq22){ref-type="disp-formula"}. This factor of two arises because of the appearance of an *O*(*h*) correction to the three-dimensional radius of curvature given by [eq [33](#eq33){ref-type="disp-formula"}](#eq33){ref-type="disp-formula"}, in contrast to the *O*(*h*^2^) correction reported earlier for the two-dimensional model ([eq [21](#eq21){ref-type="disp-formula"}](#eq21){ref-type="disp-formula"}). Essentially, in the three-dimensional model, an *O*(*h*) reduction in the CA occurs with a concomitant *O*(*h*) increase in the radius of curvature. As a result, the simple intuitive interpretation of the CA correction presented earlier for the two-dimensional model, which assumed a constant radius of curvature to *O*(*h*), does not hold in the three-dimensional model.

[Figure [2](#fig2){ref-type="fig"}](#fig2){ref-type="fig"} shows the first-order correction terms for the CA and radius of curvature as a function of intrinsic CA for a surface with the fixed roughness factor *r* = 1.5. The upper limit of θ~e~ ≈ 120° in this figure corresponds to the largest θ~e~ for known materials,^[@ref22]−[@ref25]^ while the lower limit of θ~e~ = 60° was set to probe a region of parameter space symmetric about θ~e~ = 90°. The leading-order CA term, θ~0~, in [Figure [2](#fig2){ref-type="fig"}](#fig2){ref-type="fig"}A is the CA predicted by the original Wenzel model, for which it is well known that the surface roughness simply amplifies the intrinsic hydrophobicity or hydrophilicity of the surface. For the first-order correction to the CA ([Figure [2](#fig2){ref-type="fig"}](#fig2){ref-type="fig"}A), we note that θ~1~ \< 0 in both the 2D and 3D cases, causing the primary reduction in CA because of the volume correction in the extended Wenzel model. It is important to note that values of θ~1~ in this figure must be multiplied by the small dimensionless average asperity depth, *h*, to yield the correction to the CA. As shown in [Figure [2](#fig2){ref-type="fig"}](#fig2){ref-type="fig"}B, the leading-order term for the radius of curvature, *R*~0~, is always greater than 1 for both 2D and 3D cases, which ensures that the first-order corrections to the CA in [eqs [22](#eq22){ref-type="disp-formula"}](#eq22){ref-type="disp-formula"} and [36](#eq36){ref-type="disp-formula"} remain small (for small *h*). The first-order correction to the radius of curvature is always positive for the 3D case, indicating that drops become more flattened regardless of the intrinsic hydrophobicity or hydrophilicity of the surface. In the 2D case, on the other hand, *R*~1~ = 0 and the first non-zero correction to the radius of curvature, *R*~2~, is positive for θ~e~ \< 90° and negative for θ~e~ \> 90°, indicating that drops become less (more) flattened on intrinsically hydrophobic (hydrophilic) surfaces.

![Leading-order approximation and first non-zero correction terms for (A) CA and (B) radius of curvature of 2D and 3D droplets as a function of intrinsic CA, θ~e~, for fixed roughness factor *r* = 1.5. For the 2D case, the first-order correction to the radius of curvature vanishes (*R*~1~ = 0). The dotted lines at θ~*i*~ = 0 and *R*~*i*~ = 0 are drawn to guide the eye.](ao0c00495_0003){#fig2}

2.3. Comparison with the Wenzel Model on Simple Surface Patterns {#sec2.3}
----------------------------------------------------------------

In this section, we explore and test the predictions of the extended Wenzel model on various physically patterned surfaces. For all surfaces considered below, we will set θ~e~ = 115°.

### 2.3.1. Two-Dimensional Rectangular Patterns {#sec2.3.1}

We first compare the predictions of the extended Wenzel model with those of the original Wenzel model by considering patterned surfaces with rectangular grooves of the form shown in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}. Specifically, we consider self-similar surfaces with a fixed aspect ratio of *H*/*W* = 1.5. For such surfaces, the roughness factor may be written asand the average groove depth may be written aswhere α ≡ *G*/*W*. Substituting these expressions into [eq [22](#eq22){ref-type="disp-formula"}](#eq22){ref-type="disp-formula"}, we can compute the CAs predicted by the extended and original Wenzel equations. The results are shown in [Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}. We note significant differences in the CAs predicted by the two models for large surface features, with the differences becoming smaller for smaller surface feature sizes, as expected. The white region in the figure lies outside the domain of the Wenzel model given by *r*\|cos θ~e~\| ≤ 1 which, for θ~e~ = 115°, holds when *r* ≲ 2.366.

![Two-dimensional periodic surface pattern consisting of rectangular grooves of width *G*, spacing *W*, and height *H*.](ao0c00495_0004){#fig3}

![Phase diagrams of the CA as a function of groove width, *G*, and groove spacing, *W*. The aspect ratio was fixed at *H*/*W* = 1.5. (A) CA predicted by the original Wenzel equation, θ~W~. (B) CA predicted by the extended Wenzel model, θ~W\*~. (C) Difference between the predictions of the two models (θ~W~ -- θ~W\*~). The white regions lie outside the domain of the Wenzel equation.](ao0c00495_0005){#fig4}

[Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}C shows the difference between the CAs shown in [Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}A,B. We note that the difference is positive everywhere because accounting for the liquid volume stored in the asperities causes a reduction in the predicted θ~W\*~.

### 2.3.2. Two-Dimensional Triangular Patterns {#sec2.3.2}

We next consider surface patterns consisting of periodic isosceles triangular grooves, such as the one illustrated in [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}. Such surfaces are fully specified by wavelength λ and height *H*. The roughness factor *r* and asperity volume *V*~a~ for such surfaces are given bywhich leads to an average groove depth of . The CAs predicted by the original and extended Wenzel models using these values are shown in [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}A,B, respectively. In [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}A, we see that the predictions of the original Wenzel model are independent of λ and depend only on *H*/λ, which appears in the expression for the roughness factor ([eq [39](#eq39){ref-type="disp-formula"}](#eq39){ref-type="disp-formula"}). In [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}B, on the other hand, we observe an effect of λ on the CA of the droplet, in addition to the effect of *H*/λ, namely, increasing λ causes a reduction in the CA because of the larger volume of the asperities.

![Periodic surface pattern consisting of isosceles triangular asperities defined by wavelength λ and height *H*.](ao0c00495_0006){#fig5}

![(A) CA predicted by the original Wenzel equation, θ~W~, for the triangular surface pattern as a function of wavelength, λ, and structure aspect ratio, *H*/λ. (B) CA predicted by the extended Wenzel model, θ~W\*~, as a function of λ and *H*/λ. (C) θ~W~ -- θ~W\*~ for the patterned surface. The white regions lie outside the domain of the Wenzel equation.](ao0c00495_0007){#fig6}

[Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}C shows the difference in CAs predicted by the original and extended Wenzel models for the triangular grooved surface. Clearly, the correction term in the extended Wenzel model is negligible for very small surface features but can cause a significant change in the predicted CA for larger feature sizes. We again note that the difference in the CA is positive, indicating that by not accounting for the liquid volume stored in the asperities under the droplet, the original Wenzel model overestimates the CA.

### 2.3.3. General Two-Dimensional Surface Patterns {#sec2.3.3}

Finally, we consider two-dimensional surfaces with general periodic patterns that can be characterized by roughness factor *r* and average groove depth *h*, where *h* is the asperity volume per wavelength of the roughness pattern, as defined earlier. [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}A shows the predictions of the original Wenzel model ([eq [2](#eq2){ref-type="disp-formula"}](#eq2){ref-type="disp-formula"}) for such a surface as a function of *r* and *h*. Clearly, the predictions of the original Wenzel model are a function of *r* only.

![(A) CA predicted by the original Wenzel equation, θ~W~, on a general two-dimensional surface pattern characterized by roughness factor *r* and average asperity depth *h*, where *h* is defined as the volume of an asperity divided by the wavelength of the roughness pattern. (B) CA predicted by the extended Wenzel model, θ~W\*~, as a function of *r* and *h*. (C) θ~W~ -- θ~W\*~ for a general surface pattern. The white regions lie outside the domain of the Wenzel equation. The maximum *r* for which the Wenzel equation is defined depends on θ~e~.](ao0c00495_0008){#fig7}

The corresponding predictions based on the extended Wenzel model are presented in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}B, where we observe a significant effect of *h* on the predicted CAs, in addition to the effect of *r*. In [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}C, we plot the difference between the predictions of the original Wenzel model and those of the extended Wenzel model on the same patterned surfaces. Here, we see that for patterned surfaces with *h* \> 0.1, significant discrepancies in the CAs predicted by the two models arise with increasing *r*. For *h* = 0.3, discrepancies as large as about 40° may occur, indicating that for such surfaces, the liquid volume stored in the asperities is very important in determining the CA of the droplet.

### 2.3.4. Three-Dimensional Surface Patterns {#sec2.3.4}

To explore predictions of the three-dimensional model, we consider a three-dimensional surface pattern like the one shown in [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}, consisting of *W* × *W* square prisms of height *H*, separated by groove width *G*, and with unit cell area (*G* + *W*)^2^. Specifically, we consider self-similar surfaces for which *H*/*W* = 1.5 and θ~e~ = 115°, as in the case of the two-dimensional rectangular pattern. For such surfaces, the roughness factor and the average groove depth may be written asandrespectively, where again α ≡ *G*/*W*.

![Top-down view of a unit cell for the three-dimensional surface pattern consisting of *W* × *W* right square prisms of height *H* separated by groove width *G*, with unit cell area (*G* + *W*)^2^.](ao0c00495_0009){#fig8}

The predictions of the original Wenzel model for such surfaces are shown in [Figure [9](#fig9){ref-type="fig"}](#fig9){ref-type="fig"}A. We note that here the predicted CA depends only on α (the ratio of *G*/*W*), as expected from the dependence of *r* on α in [eq [40](#eq40){ref-type="disp-formula"}](#eq40){ref-type="disp-formula"}. The predictions of the extended Wenzel model are shown in [Figure [9](#fig9){ref-type="fig"}](#fig9){ref-type="fig"}B. Interestingly, the domain of applicability of the extended Wenzel model has expanded significantly over the region of phase space represented in the diagram, whereas a similar effect was not observed for the two-dimensional model presented earlier. This difference arises from the dependence of the corrected CA on the leading-order radius of curvature *R*~0~ (which is obtained by setting *h* = 0 in [eqs [9](#eq9){ref-type="disp-formula"}](#eq9){ref-type="disp-formula"} and [28](#eq28){ref-type="disp-formula"} in the two cases) via [eqs [22](#eq22){ref-type="disp-formula"}](#eq22){ref-type="disp-formula"} and [36](#eq36){ref-type="disp-formula"}. In the two-dimensional model, the value of *R*~0~ depends on θ~0~ = arccos(*r* cos θ~e~), which becomes undefined when \|*r* cos θ~e~\| \> 1. In contrast, the three-dimensional model, for which *R*~0~ does not depend on θ~0~ (but, rather, depends on cos θ~0~), does not suffer from this limitation, thereby having an expanded region of validity. The difference between the predictions of the original and extended Wenzel models is shown in [Figure [9](#fig9){ref-type="fig"}](#fig9){ref-type="fig"}C over the region of parameter space where both predictions are defined. It is clear that the correction to the Wenzel CA is significant over most of this region.

![Predictions for a three-dimensional self-similar surface pattern like the one depicted in [Figure [8](#fig8){ref-type="fig"}](#fig8){ref-type="fig"}, with *H*/*W* = 1.5. (A) Predictions of the original Wenzel model. (B) Predictions of the extended Wenzel model to *O*(*h*). (C) Difference in the predictions of (A,B) (original Wenzel CA minus corrected Wenzel CA). The white regions lie outside the domains of one or both of the models.](ao0c00495_0010){#fig9}

2.4. Comparison to a Thermodynamic Model with Contact Line Pinning {#sec2.4}
------------------------------------------------------------------

In [Figure [10](#fig10){ref-type="fig"}](#fig10){ref-type="fig"}, we revisit the two-dimensional rectangular patterns to compare the asymptotic predictions of the extended Wenzel model (and those of the original Wenzel model) with numerical predictions of a computational thermodynamic model for the two-dimensional rectangular patterned surface described above. Details of the computational model have been described elsewhere.^[@ref16],[@ref26],[@ref27]^ Briefly, the computational model involves placing a drop on the surface shown in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"} and then performing a systematic search for the global minimum free energy configuration of the drop in terms of the wetting mode (Cassie or Wenzel) and the number of grooves spanned or filled by the drop and accounting for pinning effects at the three-phase contact line---effects that are not included in the original or extended Wenzel models. We note that in the small-drop limit considered here, where the effects of gravity are negligible, the predictions of the thermodynamic model are in agreement with molecular dynamics simulations.^[@ref28]^

![Phase diagrams of the CA as a function of groove width, *G*, and groove spacing, *W*. The aspect ratio was fixed at *H*/*W* = 1.5. (A) Predictions for CA given by a computational model described elsewhere.^[@ref26],[@ref27]^ (B) CA predicted by the computational model minus that predicted by the original Wenzel model. (C) CA predicted by the computational model minus that predicted by the extended Wenzel model. In both B and C, only the regions in which the computational model predicts a Wenzel equilibrium configuration are considered. The white areas either represent a Cassie equilibrium configuration or regions that lie outside the domain of the Wenzel equations.](ao0c00495_0002){#fig10}

[Figure [10](#fig10){ref-type="fig"}](#fig10){ref-type="fig"}A shows the predictions of the computational thermodynamic model, with the dashed curve marking the division between regions of phase space in which the Wenzel model is preferred and those in which the Cassie model is preferred. [Figure [10](#fig10){ref-type="fig"}](#fig10){ref-type="fig"}B shows the difference between the CAs predicted by the original Wenzel model and those predicted by the computational model in the region of phase space that lies within the domain of the Wenzel equation and for which the computational model predicts droplets in the Wenzel mode. [Figure [10](#fig10){ref-type="fig"}](#fig10){ref-type="fig"}C shows the difference between CAs predicted by the extended Wenzel model and those predicted by the computational model. Here, we see that the differences become notably smaller when using the extended Wenzel model. The differences that remain between the extended Wenzel model and the computational model are primarily due to pinning effects arising from the finite size of the surface features being scanned over in the phase diagram, which are accounted for in the computational model but not in the extended Wenzel model. Despite the fact that the extended Wenzel equation was derived for the limit in which surface features are much smaller than the drop size (and hence does not account for pinning effects), the extended equation provides surprisingly good predictions for large surface features.

2.5. Comparison with Experiments {#sec2.5}
--------------------------------

To validate the three-dimensional extended Wenzel model, we compare its predictions with experimental results reported by Barbieri et al.^[@ref29]^ for the static CAs of droplets on periodic three-dimensional surface patterns consisting of various arrangements (hexagonal, square, and honeycomb) of cylindrical pillars. The surfaces are characterized by pitch *p* (representing the minimum spacing between surface features), disposition factor *A* (denoting the statistical number of pillars in area *p*^2^), diameter *d*, and height *H*. The disposition factor *A* depends on the geometrical arrangement, *A* = 0.770, 1, or 1.547 for the honeycomb, square, and hexagonal arrangements, respectively. In terms of these parameters, we can express the roughness factor and average asperity depth asandrespectively. The 3 μL drops used in the experiments correspond to a spherical equivalent radius of *a* ≈ 895 μm.

We compare the predictions of the extended Wenzel model with the CA measurements reported by Barbieri et al.,^[@ref29]^ as shown in their Figure 6A, for a system with θ~e~ = 110° and surface patterns characterized by *d* = 10 μm, *H* = 40 μm, and various pitch values. The resulting comparison is presented in [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"}. To make a valid comparison, we have restricted attention to surfaces with pitch values of *p* ≥ 100 μm, for which droplets were considered to be in the Wenzel wetting mode. Also, we note that for these surfaces, the feature sizes were sufficiently smaller than the drop size (namely, *d*/*a* = 0.011, *H*/*a* = 0.045, and 0.11 ≤ *p*/*a* ≤ 0.17) such that the Wenzel model may be reasonably expected to apply.

###### Comparison of the Extended and Original Wenzel Model Predictions with Experimental Observations by Barbieri et al.^[@ref29]^

  arrangement[a](#t1fn1){ref-type="table-fn"}   *A*[b](#t1fn2){ref-type="table-fn"}   pitch (μm)[c](#t1fn3){ref-type="table-fn"}   *r*[d](#t1fn4){ref-type="table-fn"}   *h*[d](#t1fn4){ref-type="table-fn"}   θ~obs~ (deg)[e](#t1fn5){ref-type="table-fn"}   θ~W~ (deg)[f](#t1fn6){ref-type="table-fn"}   θ~W\*~ (deg)[g](#t1fn7){ref-type="table-fn"}
  --------------------------------------------- ------------------------------------- -------------------------------------------- ------------------------------------- ------------------------------------- ---------------------------------------------- -------------------------------------------- ----------------------------------------------
  honeycomb                                     0.770                                 100                                          1.10                                  0.0444                                109                                            112                                          107
                                                                                      150                                          1.04                                  0.0446                                106                                            111                                          106
  square                                        1                                     110                                          1.10                                  0.0444                                104                                            112                                          108
                                                                                      120                                          1.09                                  0.0444                                102                                            112                                          107
                                                                                      150                                          1.06                                  0.0445                                109                                            111                                          107
  hexagonal                                     1.547                                 120                                          1.14                                  0.0443                                110                                            113                                          108
                                                                                      150                                          1.09                                  0.0445                                113                                            112                                          107

Represents the arrangement of cylindrical pillars on the surface.

The disposition factor *A* represents the statistical number of pillars per unit area.

The pitch *p* represents the smallest center-to-center pillar spacing for a particular surface pattern.

The roughness factor *r* and the average asperity depth *h* were calculated from [eqs [42](#eq42){ref-type="disp-formula"}](#eq42){ref-type="disp-formula"} and [43](#eq43){ref-type="disp-formula"}, respectively, for *d* = 10 μm and *H* = 40 μm. *h* was made dimensionless with a spherical equivalent radius of *a* = 895 μm.

The experimentally observed CA.

The original Wenzel prediction.

The extended Wenzel prediction.

As described by Barbieri et al., each of the observed CAs (θ~obs~) reported in [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"} corresponds to the average of at least six static CA measurements made on the two sides of at least three drop profiles at different locations on the substrate. In addition, all measured CAs were reported to lie within ±3° of the mean. From the data in [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"}, we note that for all but one CA measurement, the observed CA was overpredicted by the original Wenzel model. In most cases, the CA predicted by the corrected Wenzel model was closer to the experimentally observed value, which seems to indicate that the asperity volume had an effect on the observed CA consistent with the correction suggested by the extended Wenzel model. Despite the agreement of our model with the experiment, we note that there are examples of other experiments for which our model does not agree with the observed CAs. Presumably, this is due to the limited region of parameter space for which our model applies---namely, small wavelength roughness with a non-negligible asperity volume. In some studies, for example, the *h* factor is much too small (*h* ≲ 0.005) for our model to predict a significant difference in CA from that predicted by the original Wenzel model.^[@ref30]−[@ref36]^ In such cases, the observed discrepancies between observed CAs of droplets in the Wenzel mode and those predicted by the Wenzel model might be related to pinning effects at the three-phase contact line, causing the measured static CA to differ from the most stable CA,^[@ref37]^ as neither the Wenzel model nor our correction accounts for pinning.^[@ref8]^

2.6. Comparison with Molecular Dynamics Simulations {#sec2.6}
---------------------------------------------------

Molecular dynamics simulations have proven extremely useful in the study of wetting phenomena for probing regions of parameter space that are difficult to explore experimentally.^[@ref28],[@ref38],[@ref39]^ Multiple studies have noted discrepancies between results of MD simulations and the predictions of the Wenzel model,^[@ref40]−[@ref44]^ presumably because of the fact that the MD drops are often similar in size to the surface features, in which case both contact line pinning and the volume of the liquid stored in the asperities become important. Here, we compare the predictions of our volume-corrected Wenzel model with the results of an MD study of wetting by Hirvi and Pakkanen,^[@ref40]^ in which the authors observed CAs smaller than those predicted by the Wenzel model. In the study, the authors simulated the wetting of one-dimensional nanogrooved polyethylene (PE) and poly(vinyl chloride) (PVC) surfaces of various dimensions by nanodroplets of two different sizes, with surfaces characterized by step width *a*~*y*~, groove width *b*~*y*~, and step height *H*, as described in Table 1 of their paper. The simulated droplets consisted of either 4000 or 13,500 molecules, which we refer to as small and large droplets, having radii of 30.6 and 45.8 Å, respectively.

In [Table [2](#tbl2){ref-type="other"}](#tbl2){ref-type="other"}, we compare the observed CAs from the MD simulations (as reported in Tables 4 and 5 of their paper)^[@ref40]^ with the CAs predicted by both the standard and the first-order-corrected Wenzel equation. Although the authors measured two CAs for each simulated droplet, with one measured in a plane parallel to the grooves and the other measured perpendicular to the grooves, we compare only with those measured perpendicular to the grooves. We note that in all but one case, θ~sim~ \< θ~W~ and in many cases, θ~W\*~ is closer to θ~sim~ than is θ~W~ because of the liquid volume stored in the asperities under the droplet.

###### Comparison of the Extended and Original Wenzel Model Predictions with Molecular Dynamics Simulations by Hirvi and Pakkanen.^[@ref40]^

  material[a](#t2fn1){ref-type="table-fn"}   drop size[b](#t2fn2){ref-type="table-fn"}   θ~e~[c](#t2fn3){ref-type="table-fn"}   *a*~*y*~[d](#t2fn4){ref-type="table-fn"}   *b*~*y*~[e](#t2fn5){ref-type="table-fn"}   *H*[f](#t2fn6){ref-type="table-fn"}   *r*[g](#t2fn7){ref-type="table-fn"}   *h*[h](#t2fn8){ref-type="table-fn"}   θ~sim~[i](#t2fn9){ref-type="table-fn"}   θ~W~[j](#t2fn10){ref-type="table-fn"}   θ~W\*~[k](#t2fn11){ref-type="table-fn"}
  ------------------------------------------ ------------------------------------------- -------------------------------------- ------------------------------------------ ------------------------------------------ ------------------------------------- ------------------------------------- ------------------------------------- ---------------------------------------- --------------------------------------- -----------------------------------------
  PE                                         small                                       115.2                                  5.06                                       4.80                                       3.69                                  1.75                                  0.0588                                118.8                                    138.1                                   129.0
                                                                                                                                9.99                                       9.73                                       3.69                                  1.37                                  0.0596                                112.0                                    125.8                                   118.1
                                                                                                                                9.99                                       9.73                                       7.39                                  1.75                                  0.119                                 128.6                                    138.2                                   120.7
                                             large                                       114.4                                  5.06                                       4.80                                       3.69                                  1.75                                  0.0392                                118.7                                    136.2                                   130.2
                                                                                                                                9.99                                       9.73                                       3.69                                  1.37                                  0.0397                                119.0                                    124.6                                   119.4
                                                                                                                                9.99                                       9.73                                       7.39                                  1.75                                  0.0795                                132.5                                    136.3                                   124.5
  PVC                                        small                                       95.6                                   5.38                                       5.10                                       5.12                                  1.98                                  0.0815                                88.5                                     101.1                                   93.0
                                                                                                                                10.62                                      10.34                                      5.12                                  1.49                                  0.0826                                91.9                                     98.4                                    90.3
                                                                                                                                12.02                                      8.94                                       10.24                                 1.98                                  0.143                                 107.6                                    101.1                                   86.9
                                                                                                                                17.26                                      3.70                                       30.72                                 3.93                                  0.177                                 92.7                                     112.6                                   93.3
                                                                                                                                12.02                                      8.94                                       30.72                                 3.93                                  0.429                                 0                                        112.6                                   66.2
                                             large                                       92.6                                   5.38                                       5.10                                       5.12                                  1.98                                  0.0543                                88.7                                     95.1                                    90.0
                                                                                                                                10.62                                      10.34                                      5.12                                  1.49                                  0.0551                                90.3                                     93.9                                    88.7
                                                                                                                                12.02                                      8.94                                       10.24                                 1.98                                  0.0953                                99.7                                     95.1                                    86.1
                                                                                                                                12.02                                      8.94                                       30.72                                 3.93                                  0.286                                 88.0                                     100.3                                   71.8

The material used to construct the substrate (PE = polyethylene, corresponding to Table 4 in ref ([@ref40]), and PVC = poly(vinyl chloride), corresponding to Table 5 in ref ([@ref40])).

Small drops consisted of 4000 molecules and large drops consisted of 13,500 molecules, corresponding to spherical equivalent radii of *a* = 30:6 Å and *a* = 45:8 Å, respectively.

All angles in the table are reported in degrees.

Step width in Å.

Groove width in Å.

Step height in Å.

Roughness factor.

Average asperity depth made dimensionless with the spherical equivalent radius, *a*, specified in[b](#t2fn2){ref-type="table-fn"}.

CA observed in MD simulations.

Original Wenzel prediction.

Extended Wenzel prediction.

As with our comparison with experiments, examples exist for which the predictions of the extended Wenzel model do not agree with CAs observed in MD simulations. In some of these studies, the simulated CAs were larger than those predicted by the original Wenzel model, which may suggest that pinning effects were important.^[@ref42],[@ref44]^

3. Conclusions {#sec3}
==============

The Wenzel equation is often used to predict the CA for droplets in the Wenzel wetting mode on rough surfaces with surface features that are much smaller than the size of the droplet. The Wenzel model considers the roughness of the surface to amplify the solid--liquid and solid--vapor interfacial free energies but neglects the liquid volume stored in the asperities under the droplet. As such, it inherently overestimates the CA, particularly for larger asperities. In this work, we extended the Wenzel model by using a perturbation analysis to account for the liquid volume stored in the asperities of the surface pattern when they are small compared to the droplet size. By performing the analysis for two- and three-dimensional drops, we obtained the respective *O*(*h*) volume corrections to the Wenzel equationwhich represent the central results of this paper. In the two-dimensional model, the radius of curvature of the cylindrical cap droplet remains unchanged to *O*(*h*) even as the CA is reduced. In the three-dimensional model, on the other hand, the *O*(*h*) reduction in the CA arising from the liquid volume stored in the asperities is accompanied by a concomitant *O*(*h*) increase in the radius of curvature of the spherical cap drop. The two-dimensional model was validated by comparison with the predictions of a computational model that has been previously shown to agree with the results from molecular dynamics simulations.^[@ref26]−[@ref28]^ The CA corrections advanced by the three-dimensional model help explain experimental observations of Barbieri et al.^[@ref29]^ and results of MD simulations by Hirvi and Pakkanen,^[@ref40]^ for which the observed or simulated CAs in the Wenzel model were mostly smaller than predictions of the original Wenzel model. By correcting the Wenzel CAs to account for the liquid volume stored in the asperities, the predicted CAs more closely match those observed in the experiments and simulations and help explain many of the commonly observed discrepancies between experimental results and predictions of the original Wenzel model.
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